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Keywords: time advertising campaigns; consequently, the overall closed-loop opinion dynamics
Social networks becomes a linear-impulsive (hybrid) one. The main technical issue addressed is finding
Hybrid systems how the marketer should allocate its budget over time (through marketing campaigns)

and over space (among the agents) such that the agents’ opinion be as close as possible
to the desired opinion. Our main results show that the marketer has to prioritize certain
agents over others based on their initial condition, their influence power in the social
graph and the size of the cluster they belong to. The corresponding space-time allocation
problem is formulated and solved for several special cases of practical interest. Valuable
insights can be extracted from our analysis. For instance, for most cases, we prove
that the marketer has an interest in investing most of its budget at the beginning of
the process and that budget should be shared among agents according to the famous
water-filling allocation rule. Numerical examples illustrate the analysis.
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1. Introduction

Opinion dynamics in social networks has become a problem of increasing research interest during the last decades.
This can be explained by the multiplication of digital social networks that allow a faster and more persistent influence of
opinions. In this context, governmental institution and private companies use marketing over social networks as a key tool
for promoting their products or ideas. However, to the best of our knowledge, there is no formal analysis pointing out the
improvements that can be achieved by using the network topology in the design of the marketing strategy. Indeed, most
of the existing studies focus on the analysis of models without control, i.e. they study the convergence, dynamical patterns
or asymptotic configurations of the open-loop opinion dynamics. Various mathematical models [ 1-6] have been proposed
to capture different features of these complex dynamics. Empirical models based on in vitro and in vivo experiments have
also been developed [7-9].

* This work has been partially funded by the CNRS, France PEPS project YPSOC. ANR via project HANDY, number ANR-18-CE40-0010. CNRS MITI
via project DECIDE of the call 80'PRIME.
* Corresponding author.
E-mail addresses: constantin.morarescu@univ-lorraine.fr (I.C. Mordrescu), vineeth.satheeskumar-varma@univ-lorraine.fr (V.S. Varma),
lucian@busoniu.net (L. Busoniu), samson.lasaulce@univ-lorraine.fr (S. Lasaulce).

https://doi.org/10.1016/j.nahs.2020.100899
1751-570X/© 2020 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.nahs.2020.100899
http://www.elsevier.com/locate/nahs
http://www.elsevier.com/locate/nahs
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nahs.2020.100899&domain=pdf
mailto:constantin.morarescu@univ-lorraine.fr
mailto:vineeth.satheeskumar-varma@univ-lorraine.fr
mailto:lucian@busoniu.net
mailto:samson.lasaulce@univ-lorraine.fr
https://doi.org/10.1016/j.nahs.2020.100899

2 L.C. Mordrescu, V.S. Varma, L. Busoniu et al. / Nonlinear Analysis: Hybrid Systems 37 (2020) 100899

One controversial problem is related to emergence of consensus in social networks. Social studies pointed out that, in
general, opinions tend to converge one toward another during interactions. Therefore, is not surprising that consensus
received a particular attention in opinion dynamics literature [10,11]. While some mathematical models naturally lead to
consensus [1,2], others lead to network clustering [4,5,12]. In order to enforce consensus, some recent studies propose the
control of one or a few agents, see [13,14]. Besides these methods of controlling opinion dynamics toward consensus, we
also find recent attempts to control the discrete-time dynamics of opinions such that as many agents as possible reach
a certain set after a finite number of influences [15]. Another relatively new line of research is based on the change of
opinions through the change of susceptibility and resistance parameters [ 16-18]. Basically, each individual is characterized
by certain parameters that make it more or less easy to influence. In [18] (and some reference therein) the authors zoom
in the model and see how the persuasion can be realized by acting on the susceptibility of individuals. Instead, we are
looking directly at the outcome of the persuasion strategy and use this information in the long term evolution of opinion
dynamics.

Viral marketing refers to the practice where a seller attempts to artificially create word-of-mouth advertising among
potential customers, and the effectiveness of this trend has been well established by social scientists and economists [19,
20]. In [21], the authors consider multiple influential entities competing to control the opinion of consumers under a game
theoretical setting. However, this work assumes an undirected graph and a voter model for opinion dynamics resulting
in strategies that are independent of the node centrality. On the other hand, [22] considers a similar competition with
opinion dynamics over a directed graph and no budget constraints.

In this paper, we consider a different problem that requires minimizing the distance between opinions and the
desired value using a given control/marketing budget. Moreover, we assume that the maximal marketing influence cannot
instantaneously shift the opinion of one individual to the desired value. Basically, we consider a continuous time opinion
dynamics and we want to design a marketing strategy that minimizes the distance between opinions and the desired value
after a given finite number of discrete-time campaigns under budget constraints. The main motivation for this choice is
the time scale of relevant events. The campaign refers to sales before some events and their duration is much smaller than
the duration of the spreading of opinions related to the advertised products. There exist many practical situations where
the use of an hybrid OD model seems completely natural. For instance, during a presidential campaign it is common to
measure the opinions of the electors through polls just before, and just after, a time-localized event such as a big political
meeting or a TV debate (see e.g., [23]). Despite its natural relevance, to the best of the authors’ knowledge, no hybrid
controlled OD model has been proposed to study the opinion dynamics in social networks under an external influence.
To solve this control design problem we write the overall closed-loop dynamics as a linear-impulsive system and we
show that the optimal strategy is to influence as much as possible the most central/popular individuals (see [24] for a
formal definition of centrality) of the network as far as the graph modeling the social network is weakly connected (i.e. it
contains at least a directed spanning tree). We also point out that the budget allocation has to take into account the size
of clusters (maximal subsets of weakly connected agents, see [12]) when the graph is disconnected.

To the best of our knowledge, our work is different from all the existing results on opinion dynamics control. Unlike
the few previous works on the control of opinions in social networks, we do not control the state of the influencing entity.
Instead, we consider that value as fixed and we control the influence weight that the marketer has on different individuals
of the social network. By doing so, we emphasize the advantages of targeted marketing with respect to broadcasting
(uniform) strategies when budget constraints have to be taken into account. Moreover, we show that, although the
individual control action u;(t;) at time t, can be chosen in the interval [0, u], the optimal choice is discrete: either 0
or il.

The rest of the paper is organized as follows. Section 2 formulates the opinion dynamics control problem under
consideration. A useful preliminary result for solving a specific optimization problem with constraints is given in Section 3.
To motivate our analysis, we emphasize in Section 4 the improvements that can be obtained by targeted advertising with
respect to a uniform/broadcasting control. Section 5 contains the results related to the optimal control strategy. We first
analyze the case when the campaign budget is given a priori and must be optimally partitioned among the network
agents. Secondly, we look at the case when the campaign budget is unknown but the campaigns are distanced in time.
Thirdly, we consider the case of large networks that can be approximated as a union of clusters/sub-networks. All these
three cases point out that the optimal control contains only O or u actions. These results motivate us to study in Section 6
the space-time distribution of the budget under the assumption that all the components of u(t;) are either 0 or u. We
conclude that the budget has to be allotted according to the influence power of each agent which in turn depends on the
initial condition, centrality and the size of the clusters in which it lies. Numerical examples and concluding remarks end
the paper.

2. Problem statement

We consider an entity (for example, a company) that is interested in attracting consumers to some product (electrical
cars, healthy food, etc.). Consumers belong to a social network and we refer to any consumer as an agent. For the
sake of simplicity, we consider a fixed social network over the set of vertices vV = {1, 2, ..., N} of N agents. In other
words, we identify each agent with its index in the set V. To agent i € V we assign a normalized scalar opinion
xi(t) € [0, 1] that evolves under the influence of neighbors’ opinions and external entity persuasion/advertising action.
We use x(t) = (x1(t), X2(t), ..., xn(t))" to denote the state of the network at any time t, where x(t) € X and x = [0, 1]".
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In order to obtain a larger market share with a minimum investment, the external entity applies an action vector
on marketing campaigns at discrete time instants. The set of campaigns time instants is finite: 7 = {to, t1, ..., ty}. The
number of campaigns M is considered to be finite but arbitrarily large because we are interested in the finite (arbitrarily
large) time behavior of the network. A given action therefore corresponds to a given marketing campaign aiming at
influencing the consumer’s opinion. Between two consecutive campaigns, the consumer’s opinion is only influenced by
the other consumers of the networks. We assume that ty — ty_1 = 8x € [Smin, Omax] Where 0 < Smin < Smax are two fixed
real numbers.

Throughout the paper we consider d € {0, 1} be the desired opinion that the external entity would like to be adopted
for all the consumers. We also consider Vi € V the following dynamics:

N
xi(t) = ;“v‘[xj(t) —X(0 €€ [l 1) , VkeN, .

Xi(tx) = ui(ti)d + [1 — wi(t)xi(t, )

where u;(ty) € [0, u], Vi e V, where u € (0, 1) is a saturation on each component of the control, and

N
DY ut) <B (2)

where B represents the total budget of the external entity for the marketing campaigns.

It is worth pointing out that external influences are modeled through a sequence of impulsive dynamics (second
equation of (1)). This corresponds either to the case when the duration of the campaign is much shorter than the time
between two consecutive campaigns or to the case in which the real dynamics during the campaign is neglected and
only the resulting state is used as an entry for the next inter-campaign period. It can also be noticed that the state-jump
resulting from external influence is both related to the budget allocated to Agent i at time t; i.e., u;(t;) and the value of the
state before advertising x;(t, ). While the former proportionality is intuitive the later expresses an increasing resistance
of individuals while approaching the advertised state.

It is also important to highlight that we assume a uniform behavior of the agents with respect to external influence.
In real social networks, some agents (central ones for instance) may be harder to influence. This means that for a given
value of the external influence their state jump will be smaller than the jump of other agents under the same external
influence. This can be done by adding a scaling factor in the second equation of (1).

Dynamics (1) can be rewritten using the collective variable X(t) = [d, x(t)"]T as:

{X(t) = —CX(t)
X(t) = PX(t,)’

where

_ 0 (LU0 _ 1 0N
L= ( Ov: L ) r= ( u(te) Iy — diag(u(t;)) >

with diag(u(ty)) € RV*N being the diagonal matrix having the components of u(t;) on the diagonal. Here, L is the Laplacian
matrix associated to the graph formed by the adjacency matrix elements a;;, i.e., Lj = —a; fori #jand Ly = ), 2 Gij-

Definition 1. The (vector) centrality of Agent i is the ith component of the left eigenvector v of L associated with the
eigenvalue 0 and satisfying v 1y = 1.

Remark 1. It is worth noticing that:

e [ is a Laplacian matrix corresponding to a network of N + 1 agents. The first agent represents the external entity
and is not connected to any other agent while the rest of the agents represents the consumers and interact through
the social network defined by the influence weights aj.

e P is a row stochastic matrix that can be interpreted as a Perron matrix associated with the directed graph having
the external entity as a central node. This node is not influenced by the network and keeps its state constant. On
the other hand it possibly influences (notice that components of u(t;) can be 0) all the other nodes. Consequently,
without budget constraints, the network can reach, at least asymptotically, the state d1y.

Several space-time control strategies can be implemented under budget constraints. For instance, we can spend the
same budget for each agent i.e. u;(ty) = u;(ty), V(i,j) € 12, we can also allocate the entire budget for specific agents of the
network. Moreover, the budget can be spent either on few or many campaigns. Our objective is to design a space-time
control strategy that minimizes the following cost function

N
J* = lim [x(t) —d| (4)
i=1
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This can be interpreted as follows. If the entity (a company for example) is interested in convincing the public to buy some
product or change their habits (practice sports or quit smoking for instance), it will try to move the asymptotic consensus
value of the network as close as possible from the desired value, i.e. minimize J*°. In some other cases, like an election
campaign which targets to get the opinions close to d within a finite time T, we will minimize JT = Zi\’:l |x:(T) —d|.
Therefore, in the absence of additional campaigns, the agents will exchange their opinion through the network and
asymptotically converge to certain local or global agreements. It is worth noting that, after the last campaign, the system
state converges exponentially fast. Indeed, in the absence of campaigns, the system dynamics is just x(t) = —Lx(t)
which has the consensus manifold as a global uniformly exponentially stable attractor. This means that x;(T) is a good
approximation of lim;_, « x;(t) when T is sufficiently large.

3. Preliminaries

Before starting the analysis of the multi-agent system in the presence of external influence, we state a key lemma
which will help us to find the optimal solutions for the considered scenarios for the budget allocation problem.

Lemma 1. Given an optimization problem (OP) under the following standard form
minimize C(y)
YERN
subjectto y;—y <0, Vie{l,...,N}
—yi <0, Yie{l.....N} (5)

N
D Vi—B=<0
i=1

where N e NN > 1,y < 1, B > 0 and C(y) is a decreasing convex function in y; such that one of the following two conditions
hold.
Case1:Vie {1,...,N}, 3g(y) = 0 such that

aCy)
= —cgly)
ayi
for some ¢; € R.
. 9Cy) 1 .
CaseZ.T:—] forallie{1,...,N}.

; Vi
Then an (l)ptimal solution y* to this OP is given by water-filling as follows

y if i< m
Yoy = 1B—7 m if i— m +1 (6)
0 otherwise
where o : {1,...,N} — {1,..., N} represents an ordering function which can be any bijection for Case 2 and, one satisfying

Co(1) = Co(2) = + -+ = Co(n) for Case 1.

Proof. Note that all the constraint functions of the considered OP are affine, which corresponds to sufficient conditions for
applying KKT conditions. Since the OP is convex, KKT conditions are necessary and sufficient for optimality. By denoting
the Lagrangian by

N N

N
€y, N ) = CON+ ) M =3 = YAy + M) _yi— B, (7)

i=1 i=1 i=1
the first necessary and sufficient condition for optimality writes:
N N N
—VCY) =D MV =3 = Y (M) VY + 1Y (Zy,-* — B) : (8)
i=1 i=1 i=1
The primal feasibility conditions write
0<y/<yVie{l,...,N}

and

N
Y vi<B 9
i=1
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All the KKT multipliers must satisfy the dual feasibility conditions: A} > 0, (A}) = 0, a >0forallie{l,..., N} At last,
the complementary slackness conditions are given by

A =¥ =0,

(A)y;i =0,

({894

aC(y)
9

Case 1: Let us assume that

= c¢;ig(y). Then, we can simplify (8) for component i to get

agy’) = A +a — (A1) (10)

which must hold for all i € {1, ..., N}. Since g(y*) is identical for all i € {1, ..., N} and is non-negative, we must have
A7, (A7) and  chose so that the above equation holds. Take y* from (6). Set Ajf = ()Lj*)’ =0forj= (o Be 1) as it is the

n
only component with a non-saturated solution. For any i such that o(i) < j, we have ¢; > ¢; and this can be satisfied by
setting y7 = @1 and having A} > 0 and A/} = 0. On the other hand, for any i such that o(i) > j, we set y; = 0 and the KKT
conditions are satisfied if A} = 0 and (A7)’ > 0. The solution from (6) can also be verified to satisfy (9) and therefore, we

have it satisfying all the KKT conditions.
aC(y) -1 -1
Case 2: When

m = 7)} the role of ¢; is replaced by v
value on the left side of the Lalgrangian (ie. 1), and the agent with the saturation y; =y has the highest absolute value

and the agent with y; = 0 has the lowest absolute

. 1 . .

(ie., 17_). Due to symmetry, any agents can be chosen to have the min or max saturation. N
—u

Lemma 1 provides a water-filling type optimal allocation policy for the problem considered. The solution in Case 1 is

to select the best agent in terms of the coefficient c,, allocate the maximum possible y, to it, then allocate the remaining

budget to the next best agent and so on. This implies sorting the agents based on c,, which is done using the function o,

and saturating the y, for the first g agents, assigning the remaining budget to the next agent and O to the rest.

4. Performance analysis of the considered benchmark strategy

As a reference strategy, we consider the broadcasting-based marketing. For every campaign, it consists in allocating
the available campaign budget uniformly among all the consumers. However, the campaign budget is allowed to vary
over time that is, from campaign to campaign, under the total budget constraint. In order to highlight the potential
of designing more advanced strategies, we show here that for some particular network topologies it is possible to
quantify analytically the potential gain brought by implementing target marketing (i.e. using space-time strategies) over
broadcasting strategies.

First, let us compute the optimal revenue that we can get by broadcasting strategies i.e. u;(tx) = uj(ty) £ ay, Vi, j € V.
We suppose that the graph representing the social network contains a directed spanning tree (i.e. a directed graph in
which, except the root which is not influenced, each node is influenced by a single other node called parent). Let v be the
left eigenvector of L associated with the eigenvalue 0 and satisfying v' 1y = 1. Therefore, in the absence of any control
action, one has that lim;_, o x(t) = v x(0)1y 2 xg°. Let us also introduce the following notation:

X = lim e M= Wx(t,) = v x(t) 1y, Vk € N. (11)

t—o00
Following (3) and using & = ty+1 — tx, Dy = diag(u(ty)) one deduces that:
xﬁi] = vTx(tk+1)1N = UT [u(tlc+1)d + Uy — Dk+1)x(tk_+1 )] Iy = UT [u(tk+1)d +(Iy — Dk+1 )eiwkx(tk)] In. (12)

Since v'L = Oy one has that vTe % = v T and consequently one obtains that

X5y —x = v (u(ti1)d — Dyre”kx(ty)) . (13)

In the case of broadcasting one has u(ty) = a1y and Dy = akly, where oy € [0, u] for all k € {0, ..., M}. Therefore,
using v 1y = 1, (13) becomes

Xeg1 — Xp = e (dly — x°), (14)

which can be equivalently rewritten as

(dly = x27) = (1 — @ A1y — x°). (15)
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Using (15) recursively one obtains that

M

M
J2@) = 113(d1y =)l = [ J(1 = a1 (diy = x5 = (Nd = 13x°) [ (1 = o). (16)
£=0 =0

where J*(«) denotes the cost associated with a broadcasting strategy using oy at campaign tj.

Proposition 4.1. The cost J*(«) obtained when implementing broadcasting is minimized by using the maximum possible
investments as soon as possible, i.e., for all k € {0, ..., M},

. r ks[d)
w=y bl 7 k=[] )
0 otherwise

Proof. Minimizing J*(«) under broadcasting strategy assumption is equivalent with the minimization of ]_['<+l 1—ay).
This is equivalent to minimizing

k+1
Cla) = log (H(l —(x()> (18)

£=0

and we have

aC 1
A (19)
80(@ 1-— (7]
This results in an OP which satisfies the conditions to use Lemma 1 Case 2. W
It is noteworthy that for u; € [0, 1) one has that
k+1 k+1 B
1—a)>1— >1-—. 20
[[a-en=1-) a=> N (20)
(=0 =0

The last inequality in (20) comes from the broadcasting hypothesis u;(t;) = a,, Vi € V and consequently the budget spent
in the £—th campaign is N - . Therefore, the total budget for k + 2 campaigns is N leié o, and has to be smaller than
B.

Thus

B
J=1y(dly =31 = (1 - N)Ilg(dhv = x0 ). (21)

The interpretation of (20) is that for broadcasting strategy the minimal cost J is obtained when the whole budget is
spent in one marketing campaign (provided this is possible i.e. B < Nu), otherwise the first inequality in (20) becomes
strict meaning that

B
J > (1= DIy =) (22)

Let us now suppose that the graph under consideration is a directed spanning tree having the first node as root. Then,
using a targeted marketing in which the external entity influences only the root, we will show that, under the same budget
constraints, the cost J will be smaller. Indeed, for this graph topology one has v = (1,0, ...,0)" yielding X2 = x1(t) 1.
Moreover, the dynamics of x;(-) writes as:

{X1(f) =0, t € [ty tiy1) WkeN. (23)
x1(t) = up(t)d + (1 — ug ()X (8, )
Therefore,
x1(te) = up(te)d + (1 — uq(6e))xq(tk—1) (24)
yielding
d —x1(t) = [1 — ug(te)ld — x1(t—1)], (25)

which is equivalent to (15). As we have seen before, in the broadcasting strategies one has Z’fé oy < % whlle targeting

only the root, the constraint becomes Zl Zoui(te) < B. Therefore, for any given broadcasting strategy (ug, U, ..., Ug)
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there exists a targeted on the root strategy that consists in repeating N times (uq, Uy, ..., U). Doing so, one obtains
k+1 N
(dly —x3,) = []‘[(1—0@] (dly — x5°). (26)
£=0

which leads to a cost which is seen to be less than the one obtained when using broadcasting-based marketing.
5. General optimal control strategy

First, we rewrite the optimal control problem as an optimization problem by treating the control u(t;) as an
NM —dimensional vector to optimize. We denote u; , = u;(ty) to represent the control for agent i € V at time t;. Then our
problem can be rewritten as

minimize  J*°(u)
uerNM B
subjectto u;xr—u<0, VieVv,ke{0,...,M}
—uix <0, Viev,ke{o,...,M} (27)
N M

Zzui.k_BSO

i=1 k=1

Here, J*°(u) is seen as a multilinear function. Before solving problem (27) we want to get further insights on structure
of the optimal solution, which will lead to important simplifications. Therefore, instead of solving the general optimization
problem (27), we first consider splitting our problem into time-allocation and space-allocation.

Assumption 1. The graph ¢ = (v, L) is weakly connected (sometimes referred to as quasi-strongly connected) i.e. it
contains at least one directed spanning tree.

Assumption 1 is standard in the analysis of multi-agent systems and guarantees that information flows over the entire
network. In our analysis this assumption is not essential but we start analyzing networks that satisfy it and, in a second
step, we solve the budget allocation problem over disconnected networks. When Assumption 1 holds, if we know that for
campaign k a maximum budget of 8, < B has been allocated (i.e. , for a given time-allocation), we find the optimal control
strategy for the k—th campaign. Moreover, for long campaign duration (i.e. ty,; —t; large) and given time budget allocation
(Bos - - ., Bu), we provide a computationally oriented optimal space allocation of the budget. Based on these results, we
propose a discrete-action space-time control strategy. Next, we extend the results to the case when Assumption 1 does
not hold and the network consists of a union of weakly connected clusters.

5.1. Minimizing the per-campaign cost

In this section we consider that Assumption 1 holds and the budget g for each campaign is a priori given. The objective
is to find the spatial allocation of the budget that optimizes the cost |1,3(le — x;°)| associated with the time allocation
(Bos - - -, Bu). Consequently, the following budget constraint has to be considered at campaign k:

N

D uilt) < B (28)

i=1
The associated cost for the campaign k is written as

N
JRu(t)) = 171y = x2) =N - |d = Y vix(t)] =

N
Sd =D wilu(tdd + [1 — uit)Ix(t,))] - (29)
i=1

This rewriting of the cost allows us to define the right quantity to measure the influence power of an agent, which
translates the gain the marketer can make by investing on this agent. The corresponding quantity is defined and used in
the next proposition.

Proposition 5.1. Define the inﬂuence power of Agent ias pﬁ‘ = vi|d — x;(t, )|. Denote by my : V — V, a bijection which sorts
the agents based on decreasing p,, ie. pm(1 > pnk - > p’frk(m. Under Assumption 1 the cost J°(u(ty)) is minimized by
the following investment profile

g (k) = ﬁ"‘”“ﬂ if i:L J+1 : (30)

0 otherwise

=
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Proof. Note that minimizing J¢°(u(t;)) is equivalent with the minimization of
N 2
Clu(t)) = (d =D vilui(tdd + (1 - ui(rk))x,»(tk»)
i=1
with the constraints 0 < u;(t;) < u for all i € Vv and (28). We notice that
aC
ou;(ty)
where we used the notation x;° = v x(ty).
Ifd=1,thenx(t,) <1, VieVvand
(d — x(t))Nd — x°) = 0.
On the other hand, if d = 0, we have x;(t, ) > 0, Vi€ V and
(d — Xt ))Nd —x°) = 0.

= —2vi(d — xi(t, ))(d — x°) Y

Therefore, we can rewrite the above equation as
aC

dui(ty)

which satisfies the conditions to use Case 1 of Lemma 1. B

= —yguty)),  gu(t)) = ld - x| (32)

5.2. Space allocation for long campaign duration

In the following we consider that Assumption 1 holds and a finite number of marketing campaigns with a priori fixed
budget are scheduled such that t;,; — t; is very large for each k € {0,1,...,M — 1}. Due to Assumption 1 and the
long duration of the campaigns, we can assume that x;(t, ;) = x;° for alli € V and k € {0, 1,..., M — 1}. Under this
assumption, we write

N
xi(t7) = x3°(u(to)) = Z vi(du;(to) + xi(ty N1 — ui(ty))) (33)
i=1
for any i € V. Subsequently, we have
N
XP(t), u(ty), ... u(t)) = Y vy [dui(tie) + Xy (u(to), .., u(tie-))(1 — ui(8))] (34)
i=1
forall k € {1,2,...,M}. Our objec;ive is to minimize

J2(u) =N - |xp(ulto), . .., u(tm)) — d|

and this can be done using Proposition 5.2 below.

Proposition 5.2. Define p, : V — V a bijection such that pg = g (defined in Proposition 5.1) and for all k € {1, 2, ..., M},
Pk gives the agent index after sorting over v, i.e. vy (1) = Vp2) = -+ = Vpn). Let Assumption 1 hold and the time budget
allocation be given by 8 = (Bo, ..., Bu) such that 22/1:1 By < Band By < Nu. Then, the optimal allocation per agent
minimizing the cost J(u) is given by

UK=Y g — @ L%J if i= L%J +1 - (33)
0 otherwise

Proof. Minimizing J°°(u) is equivalent with the minimization of

C(u) = (d — X (u(to), - ., u(tw)))’

with the constraints given in (27).

We have
aC(u) x>
=2(d — x)—M
Uk M7 du; i
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foranyie Vv, ke {0,1,..., M}. Observe that

x>

o, = U= )
fork € {1,..., M} and

ax%°

— =ty

8u,;0

with the sign being negative if x;(t, ) > d and positive otherwise. We also have
oxp° X2

ujk—1  OUjk_1

vi(1 — k)
iey

Using the equations above iteratively, we have

M
Xy
M= d—x2y) [T Dowil—uy)

i j=k+1 iev
for k > 1 and
M
xS
¥ —iyinzvl(l U j)
aulO P
j=1 iey
Therefore,
aC(u) Y
S = 2d =t =) TT Y w1 —uiy)
ik j=k+1 i€V

for k > 1 and

M
aC(u) =2|d — Xy l_[ Z vi(1 — u;)

duio =1 iey
Assume that the optimal time-allocation of budget is known and is given by 8 = (8o, B1. ..., Bu) such that
N

Zui,k =B, Vke{0,1,...,M}

i=1
Then, the optimal spatial allocation problem within any campaign k is an OP satisfying Case 1 of Lemma 1. ®

Due to the long stage duration, the opinions are in consensus for all t;, except for the case of k = 0, which is the
first campaign. This means that in the first stage, the agents are sorted based on both their initial opinions and their
centralities, but from the next stage onwards, only their centralities are considered.

5.3. Budget allocation for clusterized networks

In practice, when the social network becomes large, several issues may appear. Computational complexity limitations
may prevent from operating with NM —dimensional spaces. Also, uncertainties or inaccuracies on L or the centrality vector
may appear. Motivated by these two observations, we formulate here the solution in the case where the network is
structured into clusters which may be naturally present or arise from a dynamical process. Clusters can be determined
from cluster detection algorithms such as the one proposed in [12,25]) and emphasize a time-scale separation in the
dynamics of the system. The subsequent analysis could use the time-scale modeling [26-28] but we would have to
carefully deal with the jumps introduced by the advertising campaigns. Instead of doing that, in this paper we simplify
the analysis and the presentation by neglecting the weakest interconnections that may appear between agents belonging
to different clusters. In other words we analyze the behavior of the reduced-order dynamics. Therefore, the network is
assumed to be the union of a certain number of weakly connected clusters; in that case, we show that the cluster size
has to be taken into account to optimally allocate the available budget.

Let us consider that V = U,m:1 Ci, where Cyq, ..., Cy are disjoint subsets of agents which are weakly connected. For
any i€ {1, ..., m} we also denote by N; the cardinality of cluster C; and by x¢, € RM the column vector collecting all the
states of the agents in cluster C;. Since Assumption 1 does not hold, only local agreements corresponding to each cluster
are obtained. Basically, L = diag(L, ..., Lyn) where L; € R¥*Ni s the Laplacian matrix associated with the interactions in
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cluster C;. In the sequel we denote by xg‘:’k the agreement value of cluster C; starting from the initial condition x¢,(t). In
other words, if the last advertising campaigns takes place at time ¢, than the system converges to the following state:
ch;,klNi

X = lim e M =%x(f,) = : , VkeN. (36)

t—00 .
00
XCm,kle

A fixed number of advertising campaigns is assumed and the last campaign takes place at time ty. The overall cost to
minimize can be expressed as:

JP) =Y Ni- [y (ulto), ..., u(tm)) — d|. (37)
i=1

In order to characterize the optimal control strategy in the case of disconnected networks we introduce some additional
notation: v' is the left eigenvector of L; associated with the simple eigenvalue 0 and satisfying (v’)TlNi = 1. It can noticed
that

X ulto), u(ty), .. u(t)) = Y vf [duj(te) + X3 4 (ulto), - .., ult1))(1 — ()] (38)
Jeci
for all k € {1,2, ..., M}. This observation is exploited in the next proposition to define an appropriate measure of the

influence power of an agent. Here again, the corresponding quantity is used to express the optimal budget allocation
policy.

Proposition 5.3. LetV = U}“:] Ci, where Cq, ..., Cy are disjoint subsets of agents which are weakly connected. Let also the
time budget allocation be given by 8 = (Bo, ..., Bu) such that ZkM:1 Br < Band By < Nu. For each agent j € VNC; define the
influence power as sj’f = N;-v; - |d — x;(t, )|. At last, define oy : V — V a bijection which sorts the agents based on decreasing
sJ’f ie. s’%m > s’;{(z) > > 55{(1\1)- Then, the optimal allocation per agent minimizing the cost J(u) is given by

Un oK) =1 B — L%J if i= L%J +1 (39)
0 otherwise

Proof. The result follows again by applying Case 1 of Lemma 1. We avoid unnecessary details and we just point out that

aJ(u) ok
Dk = -5 (40)

leading to the desired result when g is identically 1 in Lemma 1. &
6. Discrete-action space-time control strategy

Motivated by the results in Propositions 5.1 and 5.2, in this section we consider that u;(ty) € {0, u}, Vi € V, k € N and
B = Qu with Q € N given a priori. The objective is to numerically find the best space-time control strategy for a given
initial state xo of the network.

6.1. Brute force algorithm

We will consider in turn the cases of short and long campaigns.

In the short-campaign case, given a time allocation consisting of the budgets Sy = by at each campaign, either
Proposition 5.1 (if the directed graph is weakly connected) or Proposition 5.3 (if the network is clustered) tells us
how to allocate each campaign budget optimally across the agents. Denote all possible budgets at one campaign by
B = {0,...,min{N, Q}}. A simple algorithm is then to search in a brute-force manner all possible time allocations
b = (by,...,by) € BY*H1, subject to the constraint > b < Q. For each such vector b, we simulate the system from
Xo with dynamics (1) where the budget by is allocated with Proposition 5.1 or 5.3. After the last campaign, we compute
with the appropriate formula the final, infinite-time state of the network xz(b). We retain a solution with the best average
cost:

1
min > [x(b) — d

i=1
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where subscript i is the agent index (recall that the agents all have the same opinion at infinite time if the network is
weakly connected, and if it is clustered each cluster has its own opinion). Note that we report the average cost over the
agents, J*°/N, instead of the sum J* because this version is easier to interpret as a mean deviation of each agent from
the target state. Furthermore, the simulation can be done in closed form, using the fact that x (f;41) = e “%x(t;). The
complexity of this search is O(N3(M +1)(min{N, Q}+1)"*1), dominated by the exponential term. Therefore, this approach
will only be feasible for small values of N or Q, and especially of M.

Considering now the long-campaign case for weakly connected networks, we could still implement a similar brute-
force search, but using dynamics (34) for inter-campaign propagation and Proposition 5.2 for allocation over agents.
However, now we can do better by taking advantage of the fact that for all k > 1, the opinions of all the agents reach
identical values. Using this, we will derive a more efficient, dynamic programming solution to the optimal control problem:

mbin [X1,r(b) — d
where the long-campaign dynamics apply but by a slight abuse of notation we keep it the same as above.
6.2. Dynamic programming algorithm

When the graph is weakly connected and we are in the long-campaign case, we are able to provide a dynamic
programming (DP) algorithm that is much more efficient than the brute force search above. Owing to the long campaigns,
the agents have already reached consensus by t; and so we can use a scalar variable y, = |d — x;2,| to represent the cost
(or equivalently, the state of the network) before the campaign for all k € {1, 2, ..., M+1}, i.e,, from the second campaign
onwards. After the initial-campaign decision at k = 0, y; is computed in a special way since the network is not yet at
consensus. To see how, consider a fixed, given initial opinion x(ty). Then, y; = fo(by) where fy describes the evolution of
the network after allocating the first-campaign budget by using Proposition 5.1:

bo N
fobo) = vag(1 = Dlxpg(ix(to) — dI + D Voo X (to) — (41)
i=1 i=bg+1
Now, to compute yy after the decisions at subsequent campaigns k € {1, 2, ..., M}, ie. forty, t5, ..., ty, define function

f:Zs9— (0, 1]

b
f(b) = (1 —ay vm(,-)> . (42)
i=1

If by denotes the budget allocated to campaign k, then it can be shown that after the optimal spatial allocation described
in Proposition 5.2,

Yir1 = Yif (br), (43)
for all k € {1, 2, ..., M}. This lets us write the final cost as
M
ymsr = y1 [ [F(be). (44)
k=1
In addition to the network state, we will need an additional integer state r, € {0,...,Q} that keeps track of the

remaining budget. This variable is initialized to the total budget ro = Q and evolves according to 11 = ry — by.

For any given y; obtained after using a budget by during campaign 0, minimization of the final cost involves minimizing
]_[kmzlf(bk), with the constraint Zkle by < r1. Since f(b) > 0 for any b > 0, we can minimize the final cost by minimizing
the logarithm of the product mentioned above, i.e.,, the minimization of the final cost is equivalent to the following
optimization problem:

ming, p,,....by 108(fo(bo)) + ZkM:1 log(f (b)),
such that 22/':0 by <Q, (45)
where b, € {0, 1, ..., min{Q, N}}, Vk € {0, ..., M}
where the budget allocated to each campaign is upper-bounded by the budget available and the number of agents in the
network as assumed in Proposition 5.3.

In order to implement the DP algorithm, we keep a value function V, that represents at each k the sum of logarithms
from step k onwards. This value function only depends on the remaining budget:

Vi (rm) = log(f (rm)),
Vi(ry) = miny, (0,1, ... min(N, .}y 108(F(bm)) + Viera(re — b)) forke (M —1,M -2, ..., 1}, (46)
Vo = minpyeo,1,...,mingv, 0}y [108(fo(bo)) + V1(Q — by)]
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Centrality

0
3 11 10 1 4 14 15 12 7 2 5 9 13 8 6
Agent index

Fig. 1. Left: small-scale weakly connected graph. Right: agent centralities, sorted in descending order.

To understand this algorithm, note first that because f is a strictly decreasing function, the optimal budget to use at
campaign M is all the remaining budget, which leads to the final-campaign DP initialization Vi (ry) = log(f(ry)). Then,
at intermediate campaigns, we simply minimize the summation in (45) with a DP rule. Finally, for the initial campaign
k = 0, instead of using f, the cost for any initial budget by is calculated explicitly by taking log(fo(bo)) defined in (41).
Note that Vj is a scalar constant, that represents the total optimal cost of the solution.

Once Vj is available, an optimal solution is found by a forward pass, as follows:

b§ = arg minpc(o,1.....minfa.n}) [108(fo(bo)) + V1(Q — bo)]
by = argming,co,1,..., minfr,, Ny 108 (b)) + Viera(re — b)), fork=1,...,M —1 (47)
b;\k/l =TIv

The complexity of the backward pass for value function computation is O (MNQ min{N, Q}) (the complexity of the
forward pass is much smaller). To develop an intuition, take the case N < Q; then the algorithm is quadratic in N and
linear in M and Q. This allows us to apply the algorithm to much larger problems than the brute-force search above.

6.3. Numerical results

In this section, we begin by exemplifying on a small-scale problem: the short-campaign brute-force algorithm; long-
campaign DP; and the clustered case (again with the brute-force method). After that, to illustrate the scalability of the
proposed DP method with respect to the size of the network and to the number of campaigns, we devise a larger
experiment with more agents and campaigns, and apply DP to it.

The small-scale problem has N = 15 agents, and we start with the weakly connected graph from Fig. 1, left. The target
opinion d is 1. The initial opinions of the agents are distributed on an equidistant grid, starting from 0 for agent 1, up to 1
for agent 15 (so agents with smaller indices have opinions closer to zero). The centrality of each agent is shown in Fig. 1,
right. There are 4 campaigns, corresponding to M = 3, and the budget Q = N = 15 and u = 0.2. For a short campaign
length &, = 0.5 Vk, the brute-force approach gets the results from Fig. 2. The final cost (each individual agent’s difference
from the desired opinion) is 0.3259. Examining now the list of agents influenced, we see that these agents are generally
among those with large centralities. Nevertheless, relatively lower-centrality agents are preferred when their opinion is
far from the target (as is the case for agents 1 and 4, whose initial opinion is small).

To better see the advantages of a well-designed advertising strategy, we compare the results above with the
uncontrolled case (no advertising), and to the broadcast strategy (which consists of spending the entire budget at the
initial time, with u allocated to each agent). The cost without using any control in this situation is 0.5135, and the cost
with the broadcast strategy is 0.4108, i.e., we observe a 20% gain over the uncontrolled system using the broadcast and
around 20% gain over the broadcast using the optimal strategy.

For the second experiment, in the same network of agents, we consider long campaigns, i.e., ty+1 — ty — 0o0. We apply
DP, with the results shown in Fig. 3. The solution is different from the short-campaign case, which is especially visible
at campaigns k > 1, where only the most central agents are influenced. The final cost is slightly larger, 0.3457. To better
understand the meaning of the long campaigns, note that the network can be (informally speaking) associated with a
time constant T equal to the inverse of the smallest real part among all the eigenvalues of the Laplacian L excluding
the zero eigenvalue, and as soon as ty.1 — ti is significantly larger than 4T, the network effectively reaches consensus
in-between campaigns so we may consider we are in the long-campaign case. For the particular graph here, T ~ 3.28. Note
that we can directly compare this long-campaign result with no-control and broadcasting above (since those strategies
are independent of campaign length), and we still see significant improvement over both. Next, to illustrate the results of
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Fig. 2. Results for short campaigns. The bottom bar plot shows the budget allocated by the algorithm at each campaign, with the agents influenced
in each campaign shown above each bar. The top plot shows the opinions of the agents, with an additional, long campaign converging to the average
opinion (so the last campaign duration is not to scale). The circles indicate the opinions right before applying the control at each campaign; note
the discontinuous transitions of the opinions after control.
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Fig. 3. Results for long campaigns. The continuous opinion dynamics is plotted for a sufficiently long time to observe the long campaign behavior,
i.e. the convergence of opinions of the agents (which means the horizontal axis is not to scale).

Section 5.3, we take the graph in Fig. 1 and remove all the links between agents 1 to 4 and the rest of the agents, obtaining
the graph in Fig. 4. This new graph has two clusters, the first consisting of agents 1 to 4, and the second of the rest of the
agents. Four campaigns of length 0.5 are considered, like before. The brute-force algorithm is applied with Q = N = 15,
starting from an initial state of the network where all agents have opinion 0.5 (this is done so that they all have the same
initial deviation from the desired state, which better exposes the influence of their centrality and group size). The results
are shown in Fig. 5. It is interesting to observe that despite their lower centrality, many agents in cluster 2 (e.g. 7, 10, and
14) are given preference over agents 1, 2, and 4 in cluster 1. This is because the number of agents is larger in the second
cluster, and the selection criterion (39) takes this into account. To compare, we have the final opinion without control to
be 0.5 (since all agents start with the same opinion), with the broadcast strategy to be 0.4, and with the optimal strategy
to be around 0.34, which corresponds to 85% of the cost with the broadcast strategy.

Finally, we move on to the problem where we test the scalability of DP for large graphs and many campaigns.
Specifically, we take 100 agents and 20 campaigns. Link weights generated from a uniform distribution over [0, 1], after
which any link with a weight smaller than 0.3 is removed. Initial opinions are equidistantly spaced in [0, 1] as before, and
the total budget is Q = N = 100. The final cost here is 0.38 instead of 0.5 without any control. The obtained cost is close
to the one related to the broadcast strategy (which is 0.4) because all nodes have very similar centrality. Consequently,
the DP cost is 76% of the cost without any control and 95% of the cost with broadcast strategy. As expected large part of
the budget (47%) is used on the first campaign toward agents having initial condition closer to 0. Note that the brute-force
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Fig. 5. Results for the clustered problem.

approach would be entirely unfeasible in this problem, while the execution time of DP in Matlab is around 1.7 s on an
Intel i7-3540M CPU.

7. Conclusions

In this paper, we have proposed a mathematical formulation of the problem of target marketing over social networks.
We show how to exploit some properties of the social network graph in the design of the marketing budget allocation over
the agents and over marketing campaigns. A marketer should mainly consider the initial opinion of an agent, its centrality,
and (when relevant) the number of agents in the cluster it belongs to. Based on this, we have defined appropriate
quantities which measure the influence power of an agent and which allows the marketer to define an order in which it
has to allocate its influence budget. The derived budget allocation policies are shown to have a water-filling-type structure.
The conducted numerical analysis allows one to extract many precious insights on how to invest a budget over consumers
and time. For instance, key consumers to be influenced immediately appear, the number of campaigns to be performed
is easily obtained, and the impact of having an advanced marketing campaign (versus allocating the available budget
uniformly over consumers and campaigns) can be quantified.
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